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Burger’'s Equation in Primitive Form

Consider the problem:

Ou(x, 1) Ou(x, 1)
T + u(x, 1) o 0, x € [0, 1], >0
1 x<0.5
u(x,O){ 0 x>05 x€[0,1],
u(0,1) =1 t>0
Consider the scheme:
n+1 n no_
Vi —V; nvf j—1 +1 n At ne.n n
A7 +V; Ax =0 = V" =V _Evj(vj —viy)

The scheme doesn’t even work for the first step n = 0 since

o ){1-(1—1)=o, if ; <0.5 il

FOT )=V 00— 1) =0 ifgs>0s YV TV

The numerical solution does not move at all.
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Burger’s Equation in Conservative Form
Consider the same problem in conservation form:

Au(x, 1) N b (u%xr)) —0,

xe[0,1], >0

ot Ox 2
1 x<05
M(X,O) - { 0 .X>O.5 X € [07 1}7
u(0,1) =1 t>0
Consider the scheme:
v () = () At
d Ly =0 Ly T (V) )2
At 2 Ax = Vi Vi ZAX(( j) (vjfl) )

The scheme does work since

12—12=0 if v ="
2 ()0 2 _ ) i i—1
(vi) (vl—l) { 02 _ 12 — _17 if Vlr_t 7& Vtr‘lfl

Wave speed is modified: An alternative way to look at the scheme

AR LUl U R A A R AN Rl
At 2 Ax At 2 Ax
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Conserved Scheme

PDE level:
?;; +u gz =0 (primitivity) % + g(%) 0 (conservative)
Notice
1 1 2 2 2
B ' ou _ 0 (u _ow(1,1)  u(0,1)
aily ) e _/0 ax<2>dx__ 2 T2
Numerical level:
de(l) - Vj(l) — Vj;l(f) C
Vi=1,2,..,N e —v;(1) s ,  (primitive)
d < v 1 <
_ 20 N 2
= ;vij =223 ;(vj —v;_1)?  (not conserved)
. 2(6) — v (¢t
Vi=1,2,..,.N dvcfigt) = _V’( )ZAV;_'( ), (conservative)
N
dvi . VE vy
> —Ax= 2 — % (conserved)
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Conservation Law and Finite Volume Method

Consider u = u(x, t) satisfying the one dimension conservation law:

ou  Of(u) .

> = > :

o + o 0, x€][0,1], >0, f(u):flux function

Examples:

B Ou  O(au)  Ou Ou  Oa(x,t)

f(M) - a(x, t)uv E + Ox a + ( )a + Ix u=0
ou 0 [(u? Ou ou

p— 2 E— — —_— = —_— —_—

flu) = /2, 8t+8x< ) o o =0

Let a and b be two reals and a < b € [0, 1]. Notice that

b b
%/a ulm 1) de = ‘/H 8J;(f)dx = ~f(u(b,1)) +f(u(a, 1)

indicating that u satisfies the conservation property.
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Finite Volume Method

. d _
FVM dt fAj de - _f(u7 t)‘xj+% +f(ua t)‘xj,%
Aj -1 Aj Aj+1
| o i . ! ° ! . B

.xj-|2 y-1 x-1/2 lj xj+1/2 xj|+1 xji+32 x+2 x
cell end points: O=x<x_1<xww=1 j=12,...N
cell and width: i
Ao = o,xi], A= Pl Av = byl =114
evaluation points and field values:

x]+1 + Xx; i1

X =0,x5="———— =1 vt)=ulx,1), [6)=f0)=fluxm)
dV/ St ﬁ +Ji-1 i i1 —fi1
dt 2 2 dt 2h; o
dvo _fith dvy Hi—h
Dy = —_ = = left cell
dt 7 T dt 2hy
dvy Svo1+f dov v
Ny = INZ1 TN — = = right cell
7 A L d oy 9
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FVM: Conservative in the Discrete Sense

dvo _ fi—

— = — —(fo — left cell

dt 2h0 (f‘) ),

vy _fr Z St j=1,.,N—1
dr 2h; e

T LT .

— = —(fy — right cell

dr 2hy hN (fv = f+) g

7+ are called penalty parameters, used for imposing boundary
conditions (r+ = 1). The scheme is conservative in the following
sense: T:|: =0

dtzh"f Zdvjh__f b ZﬁH i fN_lz_fN

_ fl —fo  Jo+h fN+fN1 N S
=2 T3 2 y A

mimicking |

G | st s = <7 (ul.0) + £lato.0)

The scheme remains conserved when BCs are enforced.
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Stability
Let f(u) = a(x)u(x, 1), a(x) > 0. Consider the problem:
Ou  Of (u)
- >
o ax O xe[0,1], 120,
u(x,0) = uo(x), x € 0,1]
u(0,1) = g(1), 150
FVM scheme:
dvo _ _fi=fo _ L— ~ B
i 2h —(h—1-), left cell, 7 = 1
i fin—fi L - )
dar 2h; j=1,.,N—1
Aoy fv—fva .
dr 2hy right cell

v;(0) = up(x)) J=01..N

*9
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Stability: ay; = f;, Find 3" ajhyv?

_7(]0_ ), @: f/-&-lfi dﬂ: fN v
‘ dt 2 di 2y

j=1.2,... N—1

v fi-

e 2hy

Dwgaoho S = ~folfy ~fo) — 2folfo — F-) = ~ifi — 1§+ 2f -
sz/a//d Zﬁ(ﬁ+1 —fi-1) = fifo = fv-1fv,

dvy
2VNaNhN —foN | —fy

Za, = —fy +20f- —fi = —fv — (o —F- (1)) +2(1) <F2(1)

M=

S—
™
E
L[~]=
=
/\
S

— Zajhjvf(t) <
=0

j= 0 j=0
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Mutidimensional Problem

Consider u = u(x,y, t) satisfying
ou OF  9G _
ot Ox 9y

F=F(x,y,t,u), G=G(x,y,tu)

0

A finite volume
OA volume boundary.

d
—/udxdy:—/ F(x,y,t,u)dy
dr Ja A

+ / G(x,y,t,u)dx
aA

Finite Volume Method
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Mutidimensional Problem

A: Quad ABCD
OA volume boundary.

i/udxdy:—/ de+/ Gdx
dr Ja N oA

Left hand side term

o

d
E/Audxdywmn >

boundary integral term

Fo + F. Fo + Fg
/ Fdy ~(yp — ya) 02 >+ (ve — y8) 02 :
EIN
Fo + Fy Fo + Fw

+ (yp — yc) 3 + (ya —yp) 2

boundary integral term

Go+ G G G G G G G
/ Gdy%(xy—xA)ioz S_’_(xC_xB)iO‘z'F E-i—(xD—)Cc')io; N—&-(XA—XD)*O—’Z— ld
an
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Mutidimensional Problem

A: Quad ABCD
OA volume boundary.

4 udxdy:f/ de+/ Gdx
dr Ja 8A oA
FV scheme:
dvo Fo+ Fs Fo+ Fe
HAHW = (Y8 — ya) ) + (yc — yB) )
Fo+ F Fo+ F
+ (yp — y) =2 > %+ (o —yn)%
Go+ G Go+ G
— (Gs— Gy) 02 S—(XC—XB) 02 E
Go + Gy Go + Gw
— (xp —xC)# — (xa —xz))i2

Summing over all the cells we have all the F and G terms canceled
excepts for the boundary terms, establishing the conservative
property in the discrete sense.
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Summary

@ conservative property preserved
@ can be generalized to multidimensional problem easily
@ can be adopted to unstructured meshes

e 2D: triangular, quadrilateral, and polygonal cells
e 3D: tetrahedral and hexahedral cells

@ suitable for problems with periodicity
@ pdes on spherical surfaces
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