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Conservation Law: An Example I

Mass conservation:
Mass that Mass that
Mass Mass )
- = entered - exited
atn atn
fromt to 1, fromrn ton

/ab p(x, 1)dx — /ab p(x, t)dx = /‘tz u(a)p(a,t)dt’ — /‘fz u(b)p(b,t)dt’

1 n
asfh — 1

b

& [ oty = u(@)p(a ) — ub)olb. 1) (1)
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Conservation Law: An Example Il

Flux: F(x,t) = u(x)p(x, )

b

dr J,
Then

b b
/ 9p(x,1) dx = —/ OF(x,1) dx = / l + (9i dx=0
. ot . Ox Ox

Since a and b are arbitrary constants, we have the differential mass
conservation equation:

Pplit) | OF(o1) _ o Op(n) | Oulplnn)
o a0 TR P

p(x,t)dx = u(a)p(a,t) — u(b)p(b,t) = F(a,t) — F(b,1)
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Conservation Law in Multidimensional Space

Mass conservation in integral form

%/Qp(x,t)dx:fyiF(x,t)-ndx
F = p(x, )V ()

Control
Volume

If F is well defined in Q2 then

— p(x,t)dx:—/V~F(x,t)dx = /M—l—v‘F(x,t)dx:O
dt Jq Q Q@ Ot

Mass conservation in differential form

Ip(x,1) _
En +V - F(x,t)=0



Introduction Framework of Finite Volume Method Model Equations and Schemes
00080 000000000000 [e]eTe]

General Conservation Law
Conserved quantities, flux functions, and

source functions :
q(xv t) = [qlqua '"aqn]T(x7 l)
F(xa [) = [F17F27-'-5Fn]T(x7t)

S(x, 1) = [s1, 52, ..., s,,]T(x, 1)

Conservation Law

4 q(x,l)dx:—j{Fwdx—!—/de @—FV-F:S
dt Jq Q Q ot

Euler equations for fluid dynamics:

ol P pu 0
2| P | TV uputpl | = pg
E; (E: +p)u pug

d P pu
3/ pu dx:fj{ u® pu—+pl »ndx+/ rg dx
¢ ¢l (E4pu L pug
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Differential or Integral Form?

pu 0
+V-| u®pu+pl | =| pg

(E:+p)u pug

9 P
= pu
ot E,

Suitable for describing fluid dynamics when
flux functions are well defined (V - F is well

defined).
d p pu 0
3/ pu dx:fj{ u® pu+ pl ~ndx+/ 08 dx
el E 2L (E+pu @ pug

It is natural to use integral form to approximate fluid dynamics when fluid
properties have abrupt changes near the shock wave surface.
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Wave Problem with Discontinuity

Ou(x, 1) to Ou(x, t)

=0

ot Ox ’

u x<0.5

u(x,0) = { u x>0.5
u(0,1) = w

How do we create a system to mimic the dynamics of the problem?

@ The domain is continuous. It @ Computing derivatives involves
contains infinite many points. a limiting process.
x€la,b], t=0 dulx) _ . ulrth) —u()
@ A real number can have infinite dx  h—0 h

many digits.
m™ = 3.141692654...,

A compute is a discrete system which can not deal with terms involving
infinity.
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Representing the domain by a grid mesh of finite points

Grid points:

Cell and and cell width:

N—1
A():[X(),x%], Aj [xj_%,xj+%]‘ 1

evaluation points and field values:
A8 R A
xo =0, xj:%, xy =1,

vi(t) = u(x, 1), fi(6) = f (v, 1) = f (1))
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ulet) ORI o, & [Muten) v = fluta. ) ~f(ulo.)

finite difference scheme:

d(t) __fln) S0 @) o

- )

dt 2h
finite volume scheme 1:
%/HZ 1/)(‘+2 (t)dx = Q;(t), cell averaged value of u
Pl )~ LT m1) gy o L) 270,
d (1N ) ) ) S ) ) ()
dt(h/x_ v_,(t)dx>_ . T LAY o i) T = i

dO; . _ . vt g
G = S 2 ote 00 = [ wt)as= )

i-3
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Ou(x,t) | Of (u(x,1))
ot * Ox

=0 4 [ atxydx = flata.0) —fuv.0)

finite difference scheme:

dvi(t) () — (@)
da . 2h s i) R, ),

finite volume scheme 2:

1 -’Ci+% 1 X,'Jr%
—/ u(x, 1) dx = ﬁ/ vi(t) dx = Qi(t) = v;(t), cell averaged value of u

h
) r (),

doi(t) _ fOap) =f(im2)  — vt v
dr h CALTE )

R X1
i—3

Sl ) = f (U5 st

i—

(%]
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finite volume scheme 1: finite volume scheme 2:
doi(t) _ f+1) —f(v-1) doi(t) _ fUir12) = f(i-1/2)
. 2h ’ dt h ’
it S _ VitV
Qi(t) = %/ Syy(r) dx = vi(0) /2 2
x’,7%
General form of a finite volume scheme:
1
do;(r) Fivip—Fic1p 1 /""+§
= — i = — ; = v;(f
" ; , Q=+ - vi()dx = v;(t)

Fii2=F(Qizryers Qim1,0i, Qit1,y oo, Qigs)
Numerical flux function for FV scheme 1:

Fi1pp= W = 5 (1(Q) +£(Qi+1)) = F(Qs, Qj1)
Fivip—Fisipp = F(Q), Q1) — F(Qj—1,0)) = ) +2f(VjH) - f(Vj71)2+f(Vj)
Numerical flux function for FV scheme 2:

Fip = (00— @9y _ g, 0,10)

2 2
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Finite volume scheme:
dO;(t I i+ —F;_ 1 i %
0i(t) 1/2 L2 0= */ v;(t)dx

- )

dt h;

i— L

2

Fivi2=F(Qi—ry ., Qim1,0i, Qit1, .oy Qigs)

@ Allow non-uniform cell size.

@ F is called numerical flux function, and Q;_,, ..., Qi+ are neighboring
cell averaged values.

@ Allow constructing F using unsymmetrical stencil.
@ Conservation property of the scheme is satisfied automatically,

J

d
dchQJ Zh QJ: > (Fivipp—Fimip) =F_ip+ Frap

Jj=l1
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fulet) 1 ) o, & [t ds = flata,0) ~luto.0)

Finite volume scheme:

1
dQi(t) | Fipip—Ficip 1 /X"Jri .
df + hi - 07 hi v_,(t)dx

Fivip = F(Qizry s Qi1, Qi Qi1 v, Qigs)

Convergence: v;(t) — u(x;,t) as hj — 0
@ The scheme is consistent with the differential equation, meaning that the
scheme approximate the differental equation well locally.

@ The scheme is stable in some appropriate sense, meaning that at any
given terminal time T the numerical solution v;(T) is bounded by the
data (initial and boundary conditions), independent of the grid size.
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Finite volume scheme: Equations:
do; Fisrp — Fi_
%(t) + +1/2 1/2 —0, ou,r)  Of(u(x, 1)
t hi + =0,
Lt ot ox
_ : d [*
0= [ i S [ ) v = plutasn) ~ s (utv. )
i-1 a
Fi+1/2 = ]:(Qi*h ceey Qf“rf)
Truncation error of the scheme: Example:
dQ;  Fipip—Fisip doi(1) _ _f(Qi1) = f(Qi-1)
R =0 +— % dr 2h
o= 1 [ usnax = utn
i = */ ulx, 1)dx = u(x;, 1), Ou(xi,t)  flu(xit1,1)) — f(u(xi=1,1))
hi . ) _ iy i+1, i—1,
-4 Ry ==+ 2h
Fiv12 = F(Qirs e Qits) = Ou(xi, 1) + Of(ulxi, 1)) + O(K*)
ot ox
Consistency: =O)—0ash—0
o _f@+f@ _
Ri —0ash — 0, of (g, ...,q) — f(q) F(q,9) = > =1@)
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Finite volume scheme: Equations:
d i(t F,' — F,'_
0i(1) 4 B 2 g duet)  Of(uln.))
dt h; + = (),
| ot ox
Y aas d d [
0= [ v S [ ) v = plutasn) ~ s (utv. )

=32
Fi+1/2 = ]:(Qi*h ceey Qi+s)
Consistency and truncation error of the scheme:

0; , Fi —Fi_ — 1 [uts
R = Gy Tt fol g [ = ato ),

2

Fi+1/2 = ]:(Qi—r, ey Q,‘ﬂ), Ri—0ash; — 0, or .7:(67 7@) —>f(c_])

Example: an;t(’) _ _SfQit1) = f(Qi-1)

2h
Ri(t) = Bu(ax;-,t) +f(u(x,'+1,t));hf(u(x,;l,t)) _ 814(5;,[) N 8f(ug;i,t)) + o)
=OMH)—0ash—0
@) +/(@)

Fg.q) =TT — pig)
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Stability Analysis

Stability analysis for schemes dependents on the type of the partial
differential equations.

CFL condition
Lax-Richtmyer stability for liner methods

von-Neumann analysis (suitable for constant coefficient linear problems
+ periodic boundary conditions)

GKS theory or normal mode analysis (extension of von-Neumann
analysis with non-periodic boundary conditions)

Energy method: 2-norm, 1-norm, and co-norm
Total-Variation (TV) stability analysis for nonlinear methods
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L, Stability Method for Variable Coefficient Problem

Let f(u) = a(x)u(x, 1), a(x) > 0. Consider the problem:
ou  Of(u)

ou = >
8t+ o 0, x€0,1], >0,
u(x,0) = uo(x), xe[0,1]
u(0,1) = g(1), t>0
FVM scheme:
dvoy f
a0 _ - = left cell, 7— =1
7 2ho (fo =), eft cell,
dvi _ fir1i —fi1 .
A =1,.,.N—1
dr 20 J=1N
dvy _ 7fN *fol .
Y7 T right cell

Vj(()) Zuo(Xj) j:O,l,...,N



Introduction Framework of Finite Volume Method Model Equations and Schemes

g . o . N 2
L, Stablllty av; —]3', Find Zj:O ajhjvj
dvo _ fi— (f ), dvi _ fixr—fi-r odvw _ fv—fv
d 2h0 0 dr 2n 0 dt | 2hy
j=1,2,....N—1

2Voaohod =—flfi —fo) = 2h(fo —f-) = —fafi — fo + 2ff-
22"1% j d Zf(fﬂrl —fi-1) = fifo — fu—ify,

av,
2VNaNhN7;V = fafv—1 — fy

N
% S ahyvi (1) = —f5 +2f- —fu = —fv — (b —f- (1) +£2(0) <L)
j=0

N N
= Zajhjvf(t) < Zajhjvj /f Yatt =M = Zh vi(t) <M
Jj=0 Jj=0 Jj=0
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Model Equations

Consider the partial differential equation of the form:

Ou(x,t)  Of(u) _ Du(x, 1)
o TTax W e
wave equation advection-diffusion equation
ou 0 ou 0 &%u
S+ o (alx Du(x,1) = 0 St o (alxulx,0) = e(x) 55
heat equation viscous Burgers equation
o Pu o 0 (R0 _ ., Pu
o = Waa o tax\ T2 )T Wae

The equation can be also written as

ou 0 Ou ou .
5t o (f(u) - aa> =0, F(u)=f(u)— €5, | Viscous flux

which is in the form of a conservation law.

te Volume Method Model Equations and Schemes
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ﬁué);, t) X a];(.:) =0, f(I/t) — Clbt()C, t)’ a>0

. Fi _ Fi— xi+1
dQi(1) 4 B 12 _ 0. 0= l/ 2 (1)
X 1

dt h; h;

Fins = F(Qn Q1) = 5 (1) +F(Qi11))

Semi-discrete scheme
dQi(r) - Qit1— Qi1
dt 2h;

Euler scheme: (ak/2/h; < 1)

Q:‘H_I - Q:'H_I ;1 - Q:L n n n
X = —a +12hi ! 5 +1 Qt + a1 (QtJrl Qi*l)
Lax-Friedrichs scheme:
bl _ Ol + Oy
! 2
Leap frog: (ak/hi < 1)
ot — o _ _an"lH -0
2k 2h; ’

ak , _, "
+ 2 (O — O-1)

71 11— ak 71 71
=0 '+ ™ (Qf1 — Q1)
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Ou Pu  Ou  Of(u) Ou
E—e(x)@, EJF Ix =0, f(”)—_g(x)a

do; 1 1 [uts
=—— (Fipup—Fisip), Qi) = */ vj(t)dx
dt h; hi X1

=2

Fiyi2 = F(Qi, Qit1) = —e(Xix1/2) (Q,+1h. Ql)
dQ; 1
cg = ﬁ (5(xi+l/2) (Qi+1 - Qi) - E(xi*‘) (Qi - Qi—l/z))

i

If e(x) = e then

doi . Oiy1 — 20 + Qi
dt n?

Crank-Nicolson method

n n n+1/2 n—+1/2 n+l 2 1n
Q,-Jrl - Q,‘ _ Qi+| / 2Q / + Q / n+1/2 Qj+1 + Q]n
P 7 & =T

i
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