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Conservation Law and FVM

Consider u = u(x, t) satisfying the 27 periodic problem:
Ou i Of (u) _

ot ox

0, u(x,0) = up(x), x€[0,2m),t >0

Grid points, cells, cell centers and evaluated fields
2w
TN
Aj = [5_12, X541 2000, Vi) & ulx;, 1)
General Form of FV scheme:
agi(t) _ 7Fi+1/27Fi*1/2 ! /XHFI/2 vi(1)dx

xi=h-j, h j=0,1,..N.

dr h > &=y

Yi—1/2

Fig12 = F(Qizry s Qiy s Qits)
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Model Examples

ou  Of(u)

ot ox 0, u(x,0) = ug(x), x € [0,2m),1 >0
doi(t) F; —F;_ L [t
Qi) | Fivip =Fioipp g 927/ vilt)dx
dt h LEERE

Fioi = F(@1,0) = 5 ((01) +£(@)

Semi-discrete scheme

doi(n) _ _ (f(Qi+1) _f(Qi—l))
dt 2h
Upwind scheme: (f/(«) > 0, max f’(u))k/h < 1, = d/du)
ot o f(Q) —f(Q)
k B h '
k
0! =0 (10N — (@1 ) = HQl )
Lax-Friedrichs scheme:

Q;’L +Q:‘ k 11 1 1. 7
Q;‘H = % + b7 (F(Qh1) —F(Q1-))) = H(Q";0)
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Monotonicity Preserving Method
Monotonicity preserving: Consider the method

ot = ("))
If for all
0 >0 = g >

If the initial data Q}’ is monotone (either non-increasing or non-decreasing) as a
function of j, then the solution Q7 should have the same property for all n.

This means in particular that oscillations can not arise near an isolated propagating
discontinity.
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Total Variation Diminishing (TVD)

A numerical method is total variation non-increasing (or, less accurate but nonetheless
more often used total variation diminishing or TVD), when

Jma
V(U < TV(U"), TVU) = Y Ui — Ujl.

J=min

A TVD scheme is a monotonicity preserving method.
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Upwind scheme: Q"' = Q" — & (£(Q7) — £(Q7)), f'(u) > 0
(maxf'(u))(k/h) < 1," = d/du

We have
n " ko " S(@h ) —f(O)
Q;ill =0 — n (f(QH—]) *f(Qi)) , and f'(8 ,+1) = “7(2"
i+1

where 0{'+1 is between Q’.’_H and Q7. Then
k k
o - =0l -0 - ' (@) =F(@N) + 5, (@) = (@)

k
=0, -0 - f’ (0141) (Qhpr = OF) + 31 (61) (0 — QL))

k
:(l—ff’w;;l)) (0 - 00) + ) (0~ 01y)

h
Hence k k
ot - o< (1= ) ) |t - @+ e ot - et
k k
=0, — 0| - hf/ 07 0) |0, — O + zf,(efl) |of — of ]
leading to

k ! (on 1 1 k ! (on 1 11
2:|Qn+1 ot < Z |0t —0f| - sz (011) |QFy — OF + 7 Zf 6o —0ry|

i+1
:Z|Qi+1_Q§'|§Z er':ll i ‘ <Z

Qt+l
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0t =H(0"))

000000800
L,-Contracting Method f
We say a numerical method is L; contracting, if ut, v, U}’“ = H(U";j) and
Vj"+1 = H(V";)) satisfy
N
[lo = v < om = v, (1@ =) |Qf1h,  (discrete Ly-norm)
Jj=0
Upwind scheme
R 1 (GO
k
n

k
ot =gl - (fleh -fe),
- (r D) vl = yn (f(V,- ) _f(Vin—l))

Let w? = U — VI'. Then
n n k n N , U,' o Vi
Wil = e =5 W) — v + 5 (f( L) = VD) (f (902%)
kf' (0" f/
:Wln_fill)( Vn)+ ( )(;Ll—Vi'LI)

We have

WP < (1 — @) W7 | + oy [ W

HWn—HH <HW"H]7ZO¢"|W"\/1+ZC¥, W 1h = [IW"

=
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Monotone Method

The numerical method
Uit = H(U"))
is called a monotone method if the following property holds:
7 7 . +1 +1 .
ViU = gt
To prove that a method is monotone, it is suffices to check that

n. ;
w >0 for all i,j, U
aur

Lax-Friedrichs scheme:
o+ 0! k . " .
gt = S () —F(Q) = HQ )

. Lat ke )y ifj=i—1

87‘[ ,,; 2( I i—1

TGN 8 ot =it
) 0 otherwise

Monotone methods are first order accurate.
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Monotonicity-Preserving/TVD/L,-Contracting/Monotone Methods

monotone — L;-contracting =—> TVD = monotonicity-preserving

A method should have enough disspitation to smear the oscilations without harming
the accuracy.
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Van-Leer type method for p;(x, 1) + fi(x,1) = 0, f(x,1) = u(x,t)p(x, 1)

Transport equatation in integral form:

d 1 a —1
£ dx ) dt = ——— (F(b,1) — f(a,t 1
& (525 [ pnae) = = 00~ st ("
FV scheme:
1 i1 1 ik ADiy )
Axiy12 / P, tn)dx ~ Axiy12 / Pirij2 T #(X_X’H/Z)dx 12
¢n+1 — P (FH»I _ Fi)

i+1/2 7 Tit1/2 T Axii1)2

A 1/2 Ui At
if U, > 0, F_U,(<1>, L A%n g ¢ )) C =
172 Axi_1)2

+ + _
(1+C,-)), ¢ =

U; At
Axiyy /2

A‘1>:'+1/2
2

ifU; >0, Fi=U; (<I>l+1/2

Note that mismatch A®; > 0.
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Van-Leer type method for p;(x, 1) + fi(x, 1) = 0, f(x,1) = u(x, 1)p(x, 1)

Transport equatation in integral form:

% (b i p /ba p(x, t)dx) dr = (bila)

(F(b,1) = f(a,1))

FV scheme: if mismatch (slope) Ad;;/, =0

At
ol — o — (Fiy1 — Fi
1+1/2 i+1/2 — Axi+1/2( i+1 l)
. AD;,_ 1y B _ U; At
itU; >0, Fi=U; (‘I’,'-’_uz + IT/(I -G )) Uil G = Ax.t /2
i
‘ ADiy 1 )n Ui At
ifUu;, >0, Fi=U; ((I):l+l/2 #(1 + c+)) = U,@I’H/Q, C,.+ = Ax:rl/z
1

Pure upwind method and 1st-order accurate
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Flux function I
At
n+1 n
Pt =iy~ m(ﬂH —F)
Ad t iA
if U; > 0, F,_U,(,1/2+ —2a-c .)) o
Axi—l/Z

AD; U; At
STy chy), of = 20
2 ! ! Axiy1)2

ifU; <0, F;=U (‘%1/2
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Flux function Il
At
+1_ ,
O =Pl — Aviins (Fip1 — Fi)
. AQiyy _ UiAt
ifu; >0, F=U; (@:’71/24» (17 )) Ci :m
A@iJ’,]/z Ui At
fU; <0, Fi=U (¥, ,— —(1+CH), ¢F=-—""—
l l l( /20 1+ )) o Axp
Note that AD. A,
i+1/2 +1/2
Gr=0 = @, - —2 P4ty —»af,,- %:@l’-’
1 A i AP
+ t+1/2 + i+1/2
Gf=—g = By p-— S+ = - — 5
AD
o 7’+'/2(1+C+)a¢1+1/2
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How to Choose @, /,?
@ algebraic mean:
0P; + 0Py

APy = [ADiyp]ave = 2

0 =D — P10

@ local lower bound required: ‘1’,-+1 > omin >
2 i

[A(I)H_ % ]po.vd :Sign([Aq)H_ % }ave)

X min(|[A<I>l.+%]aW|, 2|<I>i+% — q;:rin% D

@ local lower/upper bound required: @7 | < @4/ < P

i+1/2 = i+1/2
A®ppy 2 = SigN([A®, 41 p2lave) min([[ADiy olaves 21 Pi1 /2= P o], 2P 2= P o)
@ harmonic mean: 3P;6P; 1

—————  if sign(6®;) = sign(6P;41)
[A¢i+]/2]lnon04 = [5(I>[+1/2]ave *
0 otherwise

@ modified local lower/upper bound: ‘Dm/z S Qi SO,

q’ﬂ'ﬁ/z =min(®;_1/2, Piy1/2, Pit3s2), PPy, = max(Qiyy2, Riyig2, Digsy2)
@ global lower and upper bound:

oM, =0, @M, =1, foralli
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Mismatch and Monotonicity-Preserving

@ harmonic mean:

6'1>,-6<1>,~+1 e s .
————  if sign(6®;) = sign(6®;
[A¢i+l/2]mono4 = [6cbi+l/2]ave g ( t) g ( I+1)
0 otherwise
@ modified local lower/upper bound:
q’;+1/2 SPipp < ¢)I+1/2

‘I’f'_'ﬁ"]/z =min(®;_y /2, Pit1/2, Pit3/2)s
P o = max(®i_1 2, Pit1/2, Riyasa)

@ global lower and upper bound:

;’fﬁ"l/z =0, ®,=1, foralli
@ positive definite:
@Mlnl/z — 0

Monotonicity preserving spectrum:
[ADiy 1 po]avel > [[APiy 1 2)posal = [[APi 1 2]mingmax] = [[APi11/2]har|
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Splitting Methods
Consider the differential equation:
Ou
— =P +P
or (P1 + Py)u
where P, and P, are linear differential operators in spaces, for instance,
7] 17}
Pl =—ay~—, Py=—ay—
! a Ox 2 @ Oy
Let O, and Q, be approximate solvers for each part:
VL = Q) (k, 1, V" approximating % =Py
n+1 n £ : ow
W' = 0y (k, th)W approximating i Pw
Then
n+1 n Ou
W = 00U i (Py + Py)u 1st-order accurate

k k
W't = QI(E,tHI/Z)QZ(k, tn)Q1(§,tn)u” — = (P; + P)u 2nd-order accurate
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Splitting Methods

Consider the differential equation and the approximation methods:

N 7]
Su Vit = 0y (k,t,)v"  approximating Y Py
— = (P1 + P2)u, o
o wtl = 0y (k,t,)w"  approximating i Pyw
Then
JIT = 000" 1st-order accurate
k k
G =0, (5,1,,“/2) 0> (k, 12)01 (5,tn> u" 2nd-order accurate
@ The splitting method can be applied to nonlinear problem:
0 t OF oG t
p.y.1) | OF(ny 1) 0G0 _
ot ox ox
@ The splitting method can be applied to time-independent coefficient problem
ou d a1 . o
o = > P, V= 04041 - Q" accuracy O(k),

Note 2nd-order version does not generalize in a straightforward way.

@ The accuracy of splitting methods used for problems with discontinuous solutions
is not well understood.
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